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Abstract. Partially invariant solutions of a general class of nonlinear Schridinger equations,
involving four arbitrary functions of the modulus p of the solution and its derivative p,,
are obtained. The modulus g{£) is assumed to depend on a symmetry variable £, whereas
the phase w(x, r) depends on both independent variables. Both p and w are obtained
explicitly, as are the conditions on the coefficients in the equation, necessary for such
solutions to exist.

1. Introduction

The purpose of this article is to study partially invariant solutions of a rather geﬂeral
class of nonlinear Schrédinger equations (NLSEs), namely

i, Fu, =(F+iK)u+(G+iL}u, (1.1)

where u(x, t) is a complex function of two real variables and F, K, G and L are real
functions of |u| and |u|,.

Partially invariant solutions of systems of partial differential equations (PDEs) were
introduced by Qvsiannikov some time ago [1]. A systematic study of such solutions

were initiated in a recent article [2], devoted to partially invariant solutions of complex
nonlinear Klein-Gordon (£ =—1) or Laptace (& =+1) equations of the form

Uy + el =f(|u|)u e=1xl1 (1.2)

The general theory of partially invariant solutions has been outlined for arbitrary
systems of PDEs [1,2]. In particular, a definition was given in [2], distinguishing
partially invariant solutions from invariant ones. In order to make this article readable
on its own, we give a very brief summary of the relevant concepts.

Let us consider a system of N pPDEs
AR (x, o, Uy, Uy, - - ) =0
Pk (13)
w=1,...,N xc R? uc R? g=2.

Let ¥ be the symmetry group of equation (1.3), i.e. a local Lie group of local point
transformations, leaving the equations (1.3) invariant. Let % & ¥ be a subgroup of 4
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The subgroup %, acts on the space X x U of independent and dependent variables
and sweeps out certain orbits in this space. The generic otbits are the level sets of a
set of invariants

Il(x’ u)!""IK (x; u)- . (1.4)
If we have K = g and if the Jacobian
ol ... Ig)
J=——— 1.
auy ... ug) (1.5)
has rank g, then the dependent variables u; can be expressed in terms of ¢ invariants
I.=F,,a=1,..., q These can then be viewed as functions of the remaining K —g<p
invariants £,,..., &,
ui=[]i(xls“'!xp!Fl(g)""!Fq(E)) i=1s"'sq' (1'6)

Substituting ; back into equation (1.3) we obtain a reduced system of equations
for F;(£). The solutions of this system are called ‘invariant solutions’ and they are
invariant under the subgroup %,.

If the rank condition {1.5) is not satisfied and we have

rank J=g'<gq (1.7)

we can express only q' variables u; in terms of invariants. The remaining functions
Ug+1s- .-y g depend on all the variables x,, ..., x,. Substituting back into the original
system we obtain a mixed system of equations in which u,, ..., u,, depend on fewer
variables than the remaining unknowns. The system is in general inconsistent and
compatibility conditions must be imposed. If solutions exist that are not invariant
under %,, or some other subgroup &, of the symmetry group %, we obtain ‘partially
invariant solutions’.

As a matter of fact, we reserve this name for solutions that are not invariant under
any subgroup of the symmetry group % To our knowledge, the first examples of such
‘genuinely’ partially invariant solutions were obtained in [2]. In particular, it was
shown that such solutions exist for any function f(|u|) in equation (1.2) with e =—1,
but only for very special functions f(ju|) for e =+1.

Our aim is to establish conditions on the functions F, K, G and L, under which
genuinely partially invariant solutions exist, and then to obtain these solutions. We
emphasize that from the physical point of view partially invariant solutions are just
as useful as invariant ones. In particular, they can be used to satisfy different types of
boundary conditions than the invariant ones.

A sizable literature exists on NLSEs of the form (1.1). In particular Clarkson recently
{5] applied a direct method of dimensional reduction, due to Clarkson and Kruskal
{6] to a special case of (1.1) with

F=—(a,+b)uli - clul* - d|uf’
K=—{(a,t bz)'"'i

G=—a,|ul’

(1.8)

=—a2|u|2

where a,, a,, b, by, c and d are real constants.



Nonlinear Schrodinger equations 4427

This special case includes well known integrable equations, such as the cubic NLSE
[7]1(a,=ay=b,=by=c=0,d #0), and various derivative NLsEs (e.g. a,=b,=b,=¢c=
d=0,a,#0) [8]. It also includes equations linearizable by contact transformations,
such as the Eckhaus equation (a;=a,=b,=d =0, c=1b}) [9]. The non-integrable
quintic NLSE is included for a;=5b,=0, ¢#0. Its symmetries and group invariant
solutions have been studied in detail elsewhere [10, 11].

Various equations of the form (1.1) and in particular (1.8) have been derived in
the context of nonlinear optics [12-15], nonlinear water waves [16,17] and other
applications ([5] contains an extensive bibliography).

In section 2 we discuss the symmetries of equation (1.1) and determine the sub-
groups, providing invariant and partially invariant solutions. In the generic case
equation (1.1) is only invariant under space and time translations and changes of
phase, generated by P;, P, and W respectively.

In section 3 we show that the subgroup corresponding to {P,, W} provides partially
invariant solutions for any function F, K and L, but their existence requires

G(lu, |ul.=0)=0.

The subalgebra {P,, W}, as shown in section 4, also leads to partially invariant
solutions. Their existence imposes constraints on the coefficients of equation (1.1).

2. Symmetries of the equation

Partially invariant solutions exist only for systems of ppEs. Equation (1.1) will be
considered as a system of two real PDEs. We put

u(x, )= p(x, t) e’ 0<p0sw<2w

and rewrite (1.1) as
Pex— pir — pw, = Fp+ Gp, + Lpw, (2.1a)
p+2p0, + pw,, = Kp+ Gpw, + Lp,. (2.1b)

Equation (1.1) {(and the system (2.1)) is invariant for any F, K, G and L, under
space and time translations and under the addition of a constant to the phase. The
corresponding Lie algebra (symmetry algebra) is the Abelian algebra generated by

Py=4, Pi=9, W=4,. (2.2)

In special cases the symmetry algebra can be larger. For instance, it includes Galilei
transformations

B=13,+3x3, for G=L=0 (2.3)
and dilations

D =213, +x5,+ppd, (2.4a)
if we have

F(p ™, p, e?"*) =™ F(p, p;)

K(pe™ p e? ") =e"K{p, p\)

G(p ™, p e ") =e™*G(p, p.)

L(p e™, p, e "y =e""L(p, ps).

(2.4b)
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We shall only make use of the generic symmetries P,, P, and W. Subalgebras
leading to invariant solutions are the following,

1. Pp+aW

p=p(t) w=ax+¢(t) (2.5)
2. Pyp+aW

p=pix) w=at+¢(x) (2.6)
3. po+bPi+aW,b#0

p = p{§) w=al+¢(&) £=x—bt (2.7

e functions p and ¢ in each case satisfy coupled systems of ordinary differential
equations

Subalgebras that can lead to partially invariant solutions are

{P,, W} {P,, W} {P,+bP,, W} b#Q, (2.8)

3. The Subalgebra {P;, W}

The solutions have the form
p=p(t) w=ow(x1t) tw, # COnst. (3.1)

Equation (2.1) can be rewritten as

o, =—F+ Lo, —w} (32)
_ Py
W — GCw, =K ——. (3.3)
P
Let us consider the case G # 0 and G =0 separately.

{(a) G#0
Equation (3.3) is a linear inhomogeneous equation for w with coefficient independent
of x. Its general solution is

w=pA(1) e"G+l(&—K)x+a(t). (3.4)
G\p

Substituting (3.4) in (3.2) we obtain terms proportional to ¢
independent of x. Equating coefficients of like terms, we find

%G 0 x e x and

1 {p
B(1)=0 —(ﬂ- )'—'a:const (3.5)
G\p
and we obtain an invariant solution of the form (2.5)
(b) G=0
The solution of equation (3.3) is

w=E(K—%)x2+a(t)x+B(t). (3.6)
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We substitute into (3.2) and set equal coefficients of x*, x and 1. We obtain an equation
for p, namely

_ _1
p.—[K(p, 0} 2t]p (3.7
and expressions for a(t) and g{r):
_%_ 1
alt)= Py J L(p, 0) d¢ (3.8)
B(t)=I [=F(p,0)+ L(p, 0} — @’} di + Bo. (3.9)
We thus have a solution
p=plte) (3.10a)
x? , x
w=% [a0+5j L(p,O)dr] ~+B() (3.106)

where p(!, ¢,) is a solution of equation (3.7), B(¢) is given by (3.9) and ¢;, a, and B,
are constants.

In the special case when L(p, p.) satisfies L{p, 0)=0 equation (2.1} is Galilei
invariant. The algebra B+ aW then leads to an invariant sclution of the form

x2

x
— i = +a—+ ). 3.]
p=p(1) o=gtartéll) (3.11)

We conclude that {3.10) represents a Galilei invariant solution for L{g, 0)=0 and
a genuinely partially invariant one for L{p, 0) # 0.

Now let us restrict to the particular case (1.8}, studied by Clarkson [5]. We must
have G =0, hence a, =0; moreover we have K =0. Equations (3.6), ..., (3.10) yield

the partially invariant solution
=P
PV
. s (3.12)
SInt axpolnt

2 2
x aPo b 2 2 a1
w=—% - Int]=+dpglnt+(ay;—cpy) ——aptapp—+ —+w,.
4t (ﬂ'o 5 )t Po (ag~ cpy) P 0200 { 4 t Wy

The solution (3.12) does fit into the scheme of ‘direct method reductions’ with the
ansatz of {5].

The partially invariant solution (3.10a) is obtained quite explicitly for any choice
of the coefficients F, K and L in the NLsE (1.1}, as long as we have G(p, 0)=0.

4. The subalgebra {P,, W}

4.1. The partially invariant solutions
The solutions have the form

p=p(x) w=w(x1t) @, # const. (4.1)
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Equation (2.1b) can be solved for w, and we have

wx = () A(x)+ B(x) (4.2)
where A{x) and B(x) satisfy
2p,
Ax=( ::+G)A (4.3)
20, Lo,
Bx=(-—p~+G)B+K+-—p—. (4.4)
Iy Iy
We then obtain w, from equation (2.1a) as
w, = (”7"‘_1:— G%‘) +L(eA+B)~a’A’—2aAB - B, (4.5)
Compatibility of {4.2) and (4.5) then implies
a=ira’+pua+y A, i, ¥ =const (A#0) (4.6)
A 1
A=--x =-[—,ux+2L—§-9] Ag=rconst (4.7)
4 4 x

and we obain an expression for the phase

aAtp
X

wix, t)=— 3

A
-}8—"Jadt+ct—A—Inx+2Jde+wn (4.8}

Integrating (4.6} we obtain more explicit expressions for the phase. We put

A=py*~21p (4.9)
and obtain
1. A=0
i . ron Fl N by a
XT Ay t Agu 1
=—+="In|- e PR .
w(x, 1) 4t+4 ln(x)+(c+ 3 )t 2J Ldx+ay {(4.10a)
2. A>0
; 1
w(x,t)=-@x2tanh( \/—t) A [M]+(0+M)t+-fl,dx+wo
8 4 X 3 2
(4.106)
3. A<0
2 1 7 it 1
w(x, t)=-%\/h_ﬂtan( \/ﬂt) “ [cos(;x a )]+(c+E—8&)r+5J.de+wo.
(4.10¢)

We have dropped a constant when integrating equation (4.6} and hence ¢ in (4.10)
can be replaced by £ —t, everywhere. For 1, real this constant is recovered by a time
translation, i.e. a symmetry transformation. However, in the case of equation (4.10b)
we can also take t,= —(iw/vA) and redefine the constant w, to obtain a different
expression for w(x, ¢) in which the functions tanh(vA/2) and cosh(vA#/2) are replaced
by coth(vAt/2) and sinh(vAt/2), respectively.
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By using the expressions given in the equation (4.7), equations (2.1) also imply
that p is a solution of the equations

1 1
== G~— 4.11
p 2( x)p (4.11)
20.\°
L, pct Lopet Ao G——p— ~GL-2K=0 (4.12)

L: Al 2 =AM e N pA
pH—pr—Fp+—p={—(—&+G) +——9(-——p+G) +p——°+c}p. (4.13)
4 16 p 16 p 8

Diiferentiating equation (4.11) with respect to x, we obtain an equation involving
P Equations (4.11) ... (4.13) involve consistency conditions for the functions F, G,
K and L, necessary for partially invariant solutions to exist.

4.2. Compatibility conditions on the coefficients in the NLSE

Two cases will be considered separately.
1. 2—pG, =0.
We then have
2p,
G=7+H(p) HP#O (4.14)
and equation (4.11) reduces to a functional equation for p:

H(p)=~ p=H‘1(§). (4.15)

Equations (4.12) and (4.13) then determine K and F in terms of two free functions
H(p) and L{p, p.). We have

1 HY H? 2H?
K =5{pr (F) (2H§—HHp,,)~Lp-I_T+ L(pH —H) +A0Hz} (4.16)
p P P
1 H ’ 2 L2 A Ag 2 M.Ao
F—pz(Hp) (3pH, = pHH,, ~2HH )+ = — AP —e (4.17)

Since F, X and L depend on both p and p, there is a certain freedom in equations
(4.14), (4.16) and (4.17). A consequence of (4.15) is
HZ
=—— 418
Px 7, (4.18)

P

and we can use (4.18) to replace p, in the expressions for G, K and L. Conversely,
H, can be replaced anywhere, using (4.18). Thus, we can replace (4.14) by
2H?

G=-"—+H. (4.19)
pH,
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This time p must be determined from the first order obE (4.11) and (4.12), (4.13)
imply:

1 1 pa 1 ( 2p, )]
= G e+ =+ —+G

1 1 2px)2 1

+2 Lo+ Aol G-2) —~GL _

2P °( 0/ 2 (4.20)
=—-—“—[pp G,+pG*—4 G+6£§] —EEJ—‘+-I-‘—2_£(_%+G)“2
p2-pG, ) L"" PN PP IS G

A%( 2p. ) ,u.Ao

LY (L e .

A Pt (4.21)

where G{p, p.) and L(p, p.) are arbitrary (G, #2p™").

4.3. Special cases

We shall now extract several particularly simple special cases from the general formula.
We first consider the case 2—-pG, =
1. L=Ly, H=Hyp" n#0.
Equations (4.16), (4.17) and (4.19) in this case imply

G—'"'_+H0p K=K0p2"+K|p" F=FIPZH+F2PWZH+F0 (4.22)
P
where K,, F;, F, and F, are constants. The solution has modulus
=(L)I“x"’" (4.23)
P H, .

The phase of the solution satisfies {4.8) {(and hence (4.10)).
The constants Hy(#0), Ly, K,, Fo and F; are arbitrary, but we must have
2n—1 _, K3

F= n? H°‘4H§

2—-n
K|=_"_2 LoHo.
n

The constants A, u, ¥, Ao and ¢, figuring in the phase w(x, t) satisfy

L} 2K,
c=— Ag[.L+T A= H?,

(4.25)
A= _16H(2)F2.

We see that G and K are polynomials for n positive integer, however F is not,
unless we set F,=0. In this particular case equation (1.1) has an additional symmetry,
namely dilations combined with a time dependent change of phase. The generator of
these transformations is

1
D=2t3,+x3, —— ~ P, ~2Ft3,. (4.26)

In this partlcular case (F,=0) the obtained partially invariant solution is actually

invariant under the group generated by D+aW.
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For F,# 0 equation (1.1) is invariant only under the group generated by {P,, P,, W}
of (2.2). Hence in this case we have a genuinely partially invariant solution.

2. K=0,G=(2p./p)+(p*/ p}).

In this case equations (4.19), (4.16) and (4.17) imply

2
H"i L=Lyp*+1(§)  &=p.+

F=Fp*+ Fop *+1Lolp*+ Fy+1P

b=
‘bl‘b
D (")

(4.27)

where po# 0, Ly, Fy,, F, and F, are constants and (£} is an arbitrary function.
The solution is given by

o= % (4.28)
and equation (4.8), respectively.
The constants p,, Lo, F, and F, are free but F, must satisfy
F,= 1608 4(4+ pold). ) (4.29)
The constants involved in the phase o(x, t) satisfy
-16F.
A0=P(2)Lo A= p“ 2
0
(4.30)

m
&= _Fo“gngo-

If we set F;, =0 and I(£) =0, our solution reduces to an invariant one. In all other
cases it is a genuinely partially invariant solution.
Now let us consider an example of the case when we have 2-pG, #0.

3. G= B(;—+]) e~*?(A, B =const, AB ¥ 0) L=L,. (4.31)
P
From (4.11) we obtain
p =%ln Bx (4.32)

so that we can express p, in terms of p. The expressions (4.20) and (4.21) simplify to

K=K,e** -—%LOB(—Z—+ 1) e~

Ap
2B* 2B* K} (433)
= +— 4+ e L F e? Y + F,.
F (ZA’ pA 415«)e 2¢€ o
The constants in the phase (4.8) satisfy
2K K L3
M= e=-ER-F+} A=-16B'F, (4.34)

We mention that NLSEs with exponential nonlinearities in the coefficients do occur
in physical contexts [15].
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5. The subalgebra {P,+ aP,, W}

The subalgebras {P0+aP., W} for a =0 is conjugated to {P,, W} by a Galilei trans-
formation. Hence it is of interest to consider this subalgebra only if the equation (1 1)
is not Galilei invariant, i.e. if we have GL#0.

Even in this case the results are very similar to those of section 4. A pamally
invariant solution will in this case have the form

p=p($) w=w({ 1) E=x—at (5.1)

The reduced system is

w,=—-w§+(L+a)w§+|:pﬁ-F—G%{| (5.2a)
P
pag+(2p, — Gplwg = Kp+(L+ a)wy. (5.2b)

The system (5.2) differs from the corresponding one for the subalgebra {P,, W}
only by the fact that L is replaced by L+ a and x by & This is the only modification
in the entire analysis,

Thus p(¢) is obtained by solving the equation

pe=2{c-1), (53)
2\7 ¢/
and e{x, t} is given by (4.10) with
x=»f=x—at L->L+a (5.4)

Compatibility must be considered for 2—pG,, =0 and 2—pG,, #0 separately and
the results of section 4 pertain with the appropriate replacements (5.4).

The particular examples of subsection 4.3 also carry over and in this case we obtain
travelling wave solutions.

6. Conclusions

We have shown that partially invariant solutions, when they exist, are quite easy to
obtain for a very general class of nLsEs (1.1). The existence of such solutions imposes
constraints on the functions F, G, K and L. The form of these constraints depends
on the chosen subgroup of the symmetry group. Thus, for the subgroup {P,, W} we
have obtained the condition G =0. For {P,, W} we have (4.14), (4.16) and (4.17), or
(4.20) and (4.21).

Tt is lnntﬂlﬂflvp tn comnare nartiallv i
ruclive 1¢ compare pariian

F
the ‘non-classical method’ of Bluman an
symmetries’ [19].

The symmetry algebra of the system (2.1) is realized by vector fields of the form

D=£dx+73,+ &8, + ¢o0, (6.1)

where £, 7, ¢, and ¢; are functions of x, ¢, p and w, to be determined from the condition

that the second prolongation [3, 4] pr'®# should annihilate the equations (2.1) on their

solution set. Conditional symmetries [19] annihilate the equations (2.1) only on a
subset of solutions, namely those that also satisfy the conditions

épxt1p— =0 (6.2a)
bwy + 10, — 2 =0. (6.2b)
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A generalization of partially invariant solutions would be obtained by allowing w(x, t}
to depend on both x and ¢, but requesting that p be a function of one variable &,
obtained from a conditional symmetry. An investigation of this possibility is in progress.
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